We consider an effective Lagrangian containing contributions from glueball and gluon degrees of freedom with a masslike coupling between the two. The thermodynamic potential is calculated, taking into account thermal fluctuations of both fields. The glueball mean field dominates at low temperature, while the high temperature phase is characterized by the massive gluon degrees of freedom. The model shows some similarities to the lattice results in the pure glue sector of QCD. In particular, it exhibits a strong first order phase transition at a critical temperature of approximately 265 MeV when reasonable parameters are taken.
By now the thermodynamics of the pure glue sector of quantum chromodynamics (QCD) is well established from lattice calculations [1, 2] . This "data" has been fitted on the one hand by a model employing massless gluons whose momenta lie above a minimum cut-off [3] , and on the other with gluons having temperature dependence in both the effective mass and bag constant [4] (see this reference for a more complete review). Our aim here is to start from an effective Lagrangian with a small number of parameters and determine if it can provide a qualitative picture of the lattice data.
The Lagrangian is written in terms of a scalar glueball field, φ, which is finite in vacuum and responsible for the gluon condensate, and massive vector fields, A µ , representing the remaining gluon degrees of freedom. The dimension of the vector A is a priori unknown and will be determined by the data; it is defined as ν/3 such that the effective number of "gluon" degrees of freedom is ν. The form of the glueball potential is well known [5] , fixed by the requirement that scale invariance be broken through generation of a trace anomaly as in QCD. For the coupling between the glueball and the gluon fields we assume a scaleinvariant, masslike form with a fixed coupling constant G which does not run. We write our effective Lagrangian
where Λ defines the vacuum glueball field, φ 0 = Λ/e 1 4 , and the field strength tensor
We assume that the non-linearities of the actual QCD Lagrangian can be modelled by the simple form (1) . Further, in the vacuum the trace of the energy-momentum tensor for this Lagrangian, θ µ µ = −λ 2 φ 4 0 , is taken to be proportional to the gluon condensate in QCD. The vacuum value of this condensate is roughly known from QCD sum rules [6] , and it follows that the magnitude of the vacuum energy density is
The pure glueball sector of this Lagrangian has been discussed previously by Agasyan [7] .
Here we study the thermodynamical properties of this model at finite temperature.
The non-trivial point of our treatment is that in addition to the mean field we include the thermal fluctuations of the glueball and gluon fields.
It is convenient to take the ratio of the glueball field to its vacuum value, χ = φ/φ 0 .
Then the Euler-Lagrange equations of motion are
where we have defined g = Gφ 0 . We break the glueball into mean field and fluctuating parts, χ =χ + ∆ with ∆ = 0, where the angle brackets denote a thermal average. In the second of Eqs. (2) we replace χ 2 by its thermal average χ 2 so that we can interpret the third term as a mass term; this amounts to imposing the condition ∂ ν A ν = 0, as appropriate for a vector field with three degrees of freedom. The field fluctuations are decomposed into plane waves and we take the thermal average of the equations of motion, assuming that the thermal average of the product of glueball and gluon fields can be approximated by the product of their respective thermal averages. The dispersion relations become
together with the mean-field versions of Eqs. (2) for the glueball field,
and the subsequently vanishing mean gluon field, A µ = 0. Here the effective masses are defined to be the thermal average of the second derivative of the potential, i.e.
This set of equations is closed by expressing the quantities A µ · A µ and ∆ 2 in terms of the field quanta distributions. Using standard methods one obtains for the vector and scalar fields, respectively,
where n B (x) = (e βx − 1) −1 is the Bose-Einstein distribution function and β = 1/T is the inverse temperature. The equation for the mean field (4) and the equations for the masses (5) must be solved self-consistently.
Equations (4) and (5) require the thermal average of functions of χ which involve a logarithm and these are handled in the following manner. Consider a general function f (χ)
and Taylor expand the fluctuations so
where f (n) denotes the n th derivative of the function. Here we are considering the contributions from a single vertex, ignoring loop diagrams with two or more vertices, as is appropriate for a mean field treatment. Simply truncating the Taylor expansion at low order as in Ref. [7] would be appropriate for low temperatures, but would be inadequate for high temperatures where the mean field vanishes and the fluctuations are large. Fortunately we can treat the problem exactly. Taking the thermal average of each possible pair of fields ∆ for a given n-point vertex gives ∆ n = (n − 1)! ∆ 2 n 2 for n even and zero for n odd (see Ref. [8] for further discussion). Defining a Gaussian weighting function
one finds that
where in the last step we have resummed the Taylor series. Thus the fluctuations enter with a Gaussian weighting and Eq. (8) is straightforward to compute. By performing the series expansion one can see thatχ = 0 is an exact solution of Eq. (4). In this case the integral (8) can be carried out analytically [9] and Eqs. (5) become
where ln α =
Here a constant second term has been added so that Ω = 0 at zero temperature and the third term subtracted so as to avoid double counting. In order to have consistent thermodynamics Ω must be a minimum with respect to variations in the mean fieldχ. Performing the minimization we indeed find that the equation (4) is the necessary condition. The pressure is simply P = −Ω/V , and the energy density is easily obtained:
Note that in the caseχ = 0, χ 4 ln χ 2 = 3 ∆ 2 2 ln α ∆ 2 .
The model has four free parameters: φ 0 , B 0 , g, and ν. The first two can be fixed by the vacuum gluon condensate and the vacuum glueball mass, m 2 χ = 4B 0 /φ 2 0 . The quantity B 0 specifies the gluon condensate and we choose a value of (391 MeV) 4 so as to reproduce the deconfinement temperature found in lattice calculations. This is comparable to the value of (340 MeV) 4 favored by QCD sum rules [6] . Our value results in a vacuum energy density associated with the gluon condensate (bag constant) of 0.8 GeVfm −3 . For the glueball mass, values in the range 1.5 -1.7 GeV are suggested by data and by calculations [10] ; for definiteness we take m χ = 1.7 GeV following Sexton et al. [11] . We assume that the glueball is a loosely bound system of two gluons and therefore choose the effective gluon mass in vacuum to be 1 2 m χ ; the recent study of phenomenological gluon propagators [12] suggests that this is a reasonable estimate. This fixes g. The remaining parameter is effective number of gluon degrees of freedom, ν. This determines the asymptotic behaviour of the equation of state and in order to have E/T 4 ≈ 4.7 at high temperature, as found on the lattice [1] , we need to choose ν ≈ 14 for gluons. The standard degeneracy for massless gluons in SU (3) is, of course, 16. We will also consider ν = 6 which would roughly correspond to SU (2), as well as the case where gluons are excluded and we have a pure glueball theory (g = 0). than that estimated by Agasyan [7] . This is probably due to the fact that in that work the potential was expanded to low orders, whereas we have an essentially exact treatment of the thermal fluctuations. When the glue degrees of freedom are included the transition temperature is much reduced and we have tuned the parameters so that for the solid curve the first order transition occurs at T c = 265 MeV, in accord with the lattice result of 270± 5 MeV in the pure glue sector [13] . For SU (2) the dashed curve shows that the critical temperature is increased to 340 MeV which is reasonable in view of lattice calculations which yield a 20% increase in T c (with considerable error) [14] . However the lattice results indicate a second order transition for SU (2) [15] , whereas we clearly have a first order transition although our mean field treatment may well be inadequate in the neighborhood of the critical point.
The ratios of the effective masses to the temperature, m * χ /T and m * A /T , are displayed in Fig. 2 (the complicated structure of the low temperature metastable region for ν = 14
is not relevant here and for clarity is suppressed in the figures). The masses change little below the critical temperature and so the ratio drops as the temperature increases. Beyond the critical point the ratios are, to a good approximation, constant. For the solid curves m * A /T = 0.18, whereas m * χ /T = 4.5, so that the glueball plays only a minor role beyond the transition temperature, as is physically reasonable.
The behaviour of the pressure and the energy density are shown in Fig. 3 , where we plot 3P/T 4 and E/T 4 . The qualitative behavior of the pressure is in agreement with lattice calculations, although the approach to the asymptotic value is sharper in our model. At high temperatures 3P ≈ E and the value of these quantities for the solid and dashed curves is very close to that expected for an ideal gas of massless gluons with the appropriate degeneracy, ν = 14 or 6. Our results are unchanged at temperatures beyond those plotted, indicating that we have reached the stable asymptotic regime. One aspect of this model is seemingly in strong disagreement with the lattice data. Namely, at the critical point there is a large latent heat and the energy density overshoots the asymptotic value of E/T 4 , approaching it from above. This is in contrast to the lattice calculations where the latent heat is a factor of 2-3 smaller [1, 16] and E/T 4 approaches its asymptotic value from below.
The qualitative features of our model are not sensitive to the choice of parameters, and introducing an (A µ · A µ ) 2 term in the Lagrangian, which would be suggested by QCD, does not appear to be helpful. Therefore there appear to be no natural modifications of this simple model which would qualitatively alter the behaviour of the energy density near the phase transition.
The transition temperature is determined by the point at which the pressure curve of the stable solution intersects that of the metastable state. The model predicts interesting behaviour for the pressure in the vicinity of this critical point. On cooling from high temperatures the system can enter a supercooled metastable phase, which can even have zero pressure. It is conceivable that in relativistic heavy ion collisions such behavior could allow metastable, supercooled droplets of hot gluonic fluid to be produced [17] .
In conclusion we have examined a very simple Lagrangian model for the pure glue sector of QCD and determined its thermal properties using a novel method. It is remarkable that this model gives many of the features of lattice simulations, although the behavior of the energy density in the neighborhood of the phase transition is a notable exception.
Nevertheless it would be worthwhile to consider the inclusion of quark degrees of freedom, as such models may provide information about time-dependant processes and the effects of finite baryon density which are yet intractable on the lattice. See caption to Fig. 1 for the meaning of the curves.
